PROJECTIVE INVARIANTS OF CR HYPERSURFACES 



C. HAMMOND AND C. ROBLES* 

Abstract. We study the equivalence problem under projective transformation for CR- 
hypersurfaces of complex projective space. A complete set of projective differential invari- 
ants for analytic hyp ersurf aces is given. The self-dual strongly C-linearly convex hyper- 
surfaces are characterized. 



1. Introduction 

1.1. History. Before stating the equivalence problem addressed in this paper, we describe 
two related problems previously addressed in the literature. 

Cartan studied the equivalence of real-analytic CR-hypersurfaces in complex 2-manifolds 
up to local biholomorphism [4, 3]. Chern and Moser generalized Cartan's result [6, 7], solving 
the equivalence problem for nondegenerate, real-analytic CR-hypersurfaces in complex n- 
manifolds modulo local biholomorphism [6, Theorem 4.6]. 

Following Chern and Moser, Jensen considered the equivalence problem for nondegenerate 
CR-hypersurfaces of complex projective space PW up to (local) projective deformation 
[11, 12, 13]. He showed that two nondegenerate CR-hypersurfaces in PW are locally first- 
order projective deformations of each other if and only if they locally biholomorphically 
equivalent [13, Theorem 7.2], and that two smooth CR-hypersurfaces are locally projectively 
equivalent if and only if they are locally second-order projective deformations of each other 
[12]. 

1.2. Statement of the problem. In this paper we apply techniques of E. Cartan [5, 9] to 
characterize CR-hypersurfaces in complex projective space up to projective transformation. 
While a projective transformation is a local biholomorphism of complex projective space 
PW, it is not the case that every local biholomorphism of PW is a projective transformation: 
in particular we consider the equivalence problem under a smaller transformation group than 
Cartan and Chern-Moser. Likewise, Jensen's projective deformation is a more also a more 
general equivalence than projective congruence. (See Remark 3.8.) 

Let W be a complex vector space, let PW denote the associated complex projective space. 
Given w G W, let [w] denote the corresponding point in PW. Let GL(VF) denote the space 
of complex linear automorphisms of W. 
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Definition 1.1. Every A G GL(W) naturally induces a projective linear transformation 
A : FW — > WW by [w] i->- [^4u>] . Two submanifolds S, S G PPT are projectively equivalent if 
there exists a projective linear transformation ^4 such that ^.(S 1 ) = S. 

1.3. Contents. The equivalence problem is lifted from CR-hypersurfaces 5 C P1F to frame 
bundles J-'s C GL(W) over S 1 in Section 2.1. Projective differential invariants (of all or- 
ders) are defined in Section 3.1, and in Section 3.2 it is shown that set of invariants is 
complete (in the analytic category): they characterize the analytic CR-hypersurfaces up to 
projective equivalence (Proposition 3.11). Modulo normalizations (in Section 5), the set 
of second-order projective invariants is precisely the CR-second fundamental form. This is 
illustrated in Section 4 which presents the invariants from a slightly different, but sometimes 
computationally more convenient, perspective. 

The self-dual strongly C-linearly convex hypersurfaces are characterized in Section 6, see 
Theorem 6.8. 

1.4. Notation. Fix the index ranges 



Let V be a real vector space of dimension n + 2 = 2m + 2 with a complex structure 
J : V — > V, J 2 = —Id. Give (V, J) the structure of a complex vector space W by defining 
\v := Sv, where i = yf— T. Define an equivalence relation on ^\{0} by v ~ (xv + ySv) for 
any (0, 0) / (x, y) G M 2 . Then the quotient space is naturally identified with FW ~ CP m . 

Fix a basis e = (eo, • • • , e n+ i) of V with the property that 

(1.2) Je 2a = e 2a +i and J e 2a +i = ~e 2a V < a < m . 



form a basis of of the complex vector space W. 

Remark 1.3. At times we will find it most convenient to work with the frame e, while at 
other times the frame / is better suited to the computation at hand. For this reason we 
will develop both perspectives in the sections below. See also Remark 2.10. 



Define g[(V, J) := {X G gl(V) | X] = JX} ~ 0l(W). Let X G gl(V) be given by a matrix 



< j, k < n + 1 



< a,b < m, 
< a,/3 < m 



1 < s,t < n 
1 < a, t < n . 



The 



fa '■— &2a , 



< a < m 
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2. Frame bundles 

2.1. Frame bundle over PW. Let J 7 denote the set of frames (or bases) e = (eo, • • • , e n +i) 
of V satisfying (1.2). If we fix a frame, then T may be identified with GL(V, J) ~ GL(W). 
Given ^ G GL(W), let La : GL(VF) ->• GL(W) denote left-multiplication by A. Let 
7r : GL(W) — > FW denote the projection ir(e) = [eo]. Then the diagram below commutes. 

GL(W) — — — - GL(W) 



TT 



TT 



FW — - FW 

2.1.1. The Maurer-Cartan form. The qI(V, J)-valued Maurer-Cartan 1-form oj = (u^.) on 
T is defined by 

(2.1) d ej = wje fc . 
It is straight-forward to check that oj is left-invariant: 

(2.2) L* a uj = oj, 

for all A € GL(W). We also have the Maurer-Cartan equation 

(2.3) doj{ = -0J 3 e AJ k , 
and, by (1.2), 

(2.4) u? 2 t = uHXl and ^ = . 
If 

(2.5) n» a := uf a + ic^ 1 , 
then 

(2.6) df a = n b j b 

and we have the Maurer-Cartan equation 

(2.7) dn b a = -n b c An c a . 

In particular, Q = is the g[(VF)-valued Maurer-Cartan form. In analogy with (2.2) we 
have 

(2.8) L* A Q = Q. 
For later convenience we note that 

(2-9) uf a = uf a +1 = n»). 

Remark 2.10. As a follow up to Remark 1.3 we note that generally the g[(IF)-valued 
Maurer-Cartan form Q is more convenient in computations. However, we found that the 
gt(V, J)-valued u has the advantage of yielding a general formula for the k-th order dif- 
ferential invariants (Proposition 3.6). So we will continue to work with both, favoring the 
more convenient form for the computation at hand, and often giving equivalent statements 
for each. 
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2.1.2. Change of frame. It will be necessary to understand how fi varies under a change 
of frame. Consider a smooth map g = (g%) : F — > GL m+ iC. Let f a = g b a {f)fb- This map 
induces G : F — > F by mapping the frame / = (f a ) to the frame G(f) = {g b a {f)fb) = f ■ 
Let n denote the pull-back G*(Slj). Then (2.6) yields 

(2.H) & a = {g^t&gl + (g-^gZ. 

2.2. Frame bundle over a CR hypersurface in FW. Let S C FW be a CR-hypersurface 
Let S := {v G ^\{0} | [v] G S 1 } denote the cone over S. Then S is a CR-hypersurface in 
(V, J). If z = [eo] G S, let T^S C V be the (n + l)-plane tangent to S at eo- (We distinguish 
the linear subspace T Z S from the intrinsic tangent space T eo S.) Define 

?S ■= {(eo, • • • ,e n+ i) G J 7 | z = [e ] G 5 , span{e , . . . ,e„} = T Z S} . 

Remark 2.12. Given A £ GL(W), notice that La{Ts) = F§ where ^ = ^(S 1 ) = 7toLa(Js). 
In particular, two CR-hypersurfaces S,S C FW are projectively equivalent if and only if 
there exists A G GL(VF) such that J 7 ^ = La{Ts)- 

The key ingredient in the solution of the projective equivalence problem is the following. 

Proposition 2.13. Two CR-hypersurface S,S C FW are projectively equivalent if and 
only if there exists a smooth map 4> : Fs — > J^g such that cj>*(£l\jr ) = Q\j^ s - (Equivalently, 

<F(w\t s )=w\Ts-) 

The proof of the proposition makes use of the following well-known theorem of E. Cartan. 

Theorem 2.14 (Cartan [10, Theorem 1.6.10]). let G be a Lie group with Lie algebra q 
and Maurer-Cartan form Let M be a manifold with a Q-valued 1-form r/ satisfying the 
Maurer-Cartan equation dr/ = —[77,77]. Then for any p G M there exists a neighborhood U 
and a map f : U — ^ G such that = rj. Moreover any two such maps fi, fi : U — > G are 
related by f'2 = L g o fi for some g G G. 

Remark. In the case that g is a matrix Lie algebra, d?7 = —[77, 77] is (2.3). 

Proof of Proposition 2.13. The proposition follows directly from Theorem 2.14 by taking 
G = GL(Vy) and 1? = U with M = Fs and 77 = ^|jf s , fi the inclusion map and fi = <f>. □ 

Consider the pull-back of the Maurer-Cartan form to Fs- By construction {deo(£) | £ G 
T v Fs} = spanjeo, • ■ • , e n } so that the . . . , Wq are linearly independent on Fs, and 

(2.15) = $^ n™ - ti™ = 0. 

Definition. A tangent vector v G TF$ is vertical if 7t*(tj) = 0, where ir : Fs — > S is the 
natural projection. A 1-form g on Fs is semi-basic if g(v) = for all vertical v G TFs- 

Remark 2.16. The equation deo = uj J Q ej implies that the linearly independent Uq,...,ujq 
span the semi-basic 1-forms. Equivalently, 1-forms Qq, and ft™ are linearly independent 
on Fs and span the semi-basic 1-forms (as a real vector space). 
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3. Projective differential invariants w.r.t uj 

3.1. Definition and construction. An application of the Maurer-Cartan equation (2.3) 
to (2.15) yields 

(3.1) = -dw™ +1 = dp x Kw\ + Nul + ••• + < +1 Aw ". 

Recall that the Wq, ... ,cOq are linearly independent on Ts, by Remark 2.16. The following 
lemma is well-known. 

Lemma 3.2 (Cartan's Lemma [2, 10] for to). Suppose there exist real-valued 1-forms 
£i, . . . , £ n on Fs such that £ s A ajg = 0. Then there exist functions H st = H ts : Fs — > R, 
1 < s, t < n, such that 

£s = H st • 

Lemma 3.2 and (3.1) imply there exist functions h st = /it s : — » M, 1 < s, i < n, such 
that 

(3.3) = h st J , 1 < s < n . 
Note that ujq ^ = ^ = hi s ojQ. This forces 

(3.4) hi s = h s i = , Vs<n, and h\ n = h n \ = 1 • 

The h^ = {h s t} ar e second-order projective differential invariants: they describe the 
second-order differential geometry of S at z = [eo]; see Section 3.2 for more detail. The 
{h aT } C are the coefficients of the CR second fundamental form; see Section 4.3. 

We repeat the process above to obtain third-order invariants: apply the Maurer-Cartan 
equation (2.3) to differentiate (3.3). An application of Cartan's Lemma 3.2 to the resulting 
2-form yields functions h rs t ■ Fs — > R that are fully symmetric in the indices such that 

(3.5) dh rs + h rs (uJq + UJ^Xl) - KtU l s - htsUjl = hrst^Q- 

The together the coefficients h^ = {h s t} and = {h rs t} describe the geometry of S 
to third order. See §3.2. 

Continuing inductively one may deduce a general formula (Proposition 3.6) for the (p+1)- 
st order invariants h Sl ... Sp t- First some notation: given two tensors T sl ... Sp and U Sp+1 ... Sp+q , 
let Sp+ q denote the symmetric group on p + q letters. Let 

T(s 1 ...s p U Sp+1 ...s p+q ) = (p -\- qy. T cr(a 1 )...a(s p )Ua(s p+1 )...a(s p+q ) 

(T&S p -\- q 

denote the symmetrization of their product. For example, T^ Sl U S2 ) = \{T S1 U S2 + T S2 U S1 ). 
We exclude from the symmetrization operation any index that is outside the parentheses. 
For example, in h t ( sl __ Sp l ^ we symmetrize over only the Sj, excluding the t index. 
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Proposition 3.6. Set h s = and assume p > 1. There exist functions h Sl ... Spt : Fs — > M, 
fully symmetric in their indices, such that 

h Sl ... Sp t^o = dh Sl ... Sp + (p-l)h sl ... Sp u% + h Sl ... Sp ulX\ 

+ p {{p-2)h {si ,„ Sp _ 1 u° Sp) - ^ t ( Sl ... Sp _ 1 a;* p) } 

p-2 

+ (j) {(J - 1 ) /l (si-s J /l s J+ i-s P ) W n+l ~ ^(si...s 3 A J+1 ... Sp )^ t +l} ■ 

J'=l 

Definition. We let = {/i sl ... Sp } denote the p-th order coefficients; and h = U h^ denote 
the complete set of coefficients. 

Remark 3.7. The h are projective invariants. To be precise, suppose that e G Let ^4 G 
GL(PF) and set S = A(S). Then e = L^(e) G .Fg by Remark 2.12. From Proposition 3.6 and 
the left-invariance (2.2) of w, we see that /i(e) = h(e). Thus /i is invariant under projective 
transformation. In Proposition 3.11 we show that, for fixed e G ^5, the coefficients /i(e) 
characterize an analytic CR-hypersurface up to projective transformation. 

Remark. The coefficients h are the CR-analogs of the coefficients of the Fubini forms of a 
complex subvariety of WW, cf. [10, Chapter 3]. 

Definition. In this setting, we say two CR-hypersurfaces S, S C FW agree to order p > 1 
if there exists a bundle map : J-5 — >■ J 7 ^ with the property that Uq = (p*a^, ojq = 4>*u>q 
(first-order agreement) and 4>*h^ = h^ for all 2 < q < p. 

Remark 3.8. This is a considerably weaker condition than Jensen's notion of p-ih order 
projective deformation when p > 2. For example, in our case second order agreement is 
equivalent to luq = (j)*ojQ, ujq = (j)*0JQ and = <j)*uj™ +l . Jensen's condition that S and 

S be second-order projective deformations of each other includes the additional relations 
£1% = (f>*£l%, with 1 < a,b < m. Differentiating Jensen's second-order equations yields 
co = (f)*oj which implies that S and S are projectively equivalent. See [12]. 

Proof of Proposition 3.6. From (3.5) we see that Proposition 3.6 holds for p = 2. Differen- 
tiating (3.5) and applying Cartan's Lemma 3.2 yields functions h rs tu '■ Fs — > completely 
symmetric in their indices, such that 

(3 9) hrstu = dh rs t + h rs t (2 U)q + — hustLdr — h ru tUJg — h rsu U)^ 

+ h rs LOf + h s t UJ® + hf r — (h rs hfu + h s t h ru + htr h su ) u'n+i ■ 

This establishes Proposition 3.6 in the case p = 3. The general case may not be established 
by induction on p. Details are left to the reader. □ 

3.2. Local coordinate computation. In this section we give a local coordinate com- 
putation of h s t at a point w G S. Given w = [1 : : • • • : 0] G S fix coordinates 
z = (z 1 , . . . , z m ) !->■ [1 : z 1 : ■ ■ ■ : z m ] on FW in a neighborhood of w Q so that S is locally 
given as a graph 

y m = f{z\z\...,z m -\z m -\x m ) = f(x\y\...,x m -\y m -\x m ), r? .v> ■ m,> . 
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over its (real) tangent space T P S = {y m = 0}. Fix the index range < a, j3 < m. Locally 
the tangent space is spanned by 

e 2a = 9 x a + f x a dym, , ^a+l = 9 y a + f y a d y ™ , &2m = 9 x m + fx" 1 9 y m ■ 

The vector e2m+i = ^2m = 9y m — fx m d x m completes the local framing of the tangent space 
to a framing of C m (as a real vector space). If we set 

eo = d x o + x a d x a + y a d y a + x m d x ™ + / d y m 
ei = Jeo = d y o — y a d x a + x a d y a + x m d y m — f d x m 

then we may regard e = (eo, . . . , e2m+i) as framing of V. However this frame does not 
satisfy (1.2). We modify e as follows. Set 

eo = eo , ei = ei , e 2m = &2m , e 2m+ i = e2m+i • 
Let 5 = 1/(1 + f x m 2 ) and define 

62a = 62a + S (f y a — fx<*fx m ) ^2m 

= 8 x a + 5 {f y a — f x cf x m)d x m + S {f x a + f y a f x m )8 y m , 
e2a+l = ^2a+l — 5 {f x a + f y a f x m ) e2 m 

= 8 y a — 5{f x a+f y af x m)d x m + 8 {f y a — f x a f x m )8 y m . 

Then e = (eo, . . . , e 2m+ i) is a local section of Fs- The dual coframe is e° = dx°, e 1 = dx 1 , 
e 2a = dx a - x a dx° + y a dy°, e 2a+1 = dy a - y a dx° - x a dy° , 

e 2m = dx m _ x m dx + f d y° - 6 {f y a - f x a f x m ) d X a + 6 {f x a + f y a f x m) dy a 

dy m - fdx° - x m dy° - 8{f x a+f y af xm )dx a - 5 {f y a- f x af xm )dy a . 



,2m+l 



Notice that, at z{w Q ) = we have / = = d/, where the last equality follows from 
the fact that the coordinates locally realize S as a graph over its tangent space at w a . 
Differentiating at w Q yields 

de = dx a e 2a + dy a e 2a +i + dx m e n , dei = -dy a e 2a + dx a e 2a +i + dx m e n+ i , 
de2 Q = df y a e n + df x a e n+ \ , de2»+i = — df x a e n + df y a e n+ \ , 
de2 m = df x m e n+ \ , de 2m+ i = = —df x ™ e n . 

From (2.1) we see that, under pulled-back by the section e, the only nonzero components 
u° k of the Maurer-Cartan form are 

ojl a+l = dy a , uj\ a+1 = dx a , 
w 2/3+l = - d fxP > w n+l = _d /: 



, ,2a _ 


- dx a , 




-dy a 


, ,n 

LO - 


dx m , 


U 2B - 


dfyP , 


, ,n+l 


= dx m , 


i , n+1 - 


: df x P 



U). 



2/3+1 — ~^JxP > — ~^Jx m , 

n+1 — Af „ ,.,«+! 
2/3+1 



d/ y , , < +1 = df x 



Equation (3.3) yields (again, at z{w Q ) = 0) 

^ h2a,2B = f x a x fi , h 2a ,2B+l = f x <* y P , h 2a , n = fx a x m , 

h 2a +l,28+l = fy a yP > ^2a+l,n = , ^n,n = fx m x m ■ 
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To be precise, the coefficients h on the left are evaluated at e(w ) G Fs, and the derivatives 
on the right are evaluated at z(w ) = 0. More generally, for p > 1, Proposition 3.6 yields 

p-2 

h Sl ... Sp tul = dh Sl ... Sp - p/it(si...s p _i w s p ) ~ XI (?) h n(si... Sj h Sj+l ... Sp ) df x m . 

3=1 

In the case that none of the indices are equal to 1, we see that h Sl ... Sp t is a (p+l)-st derivative 
of /, modulo terms involving lower over derivatives. This is why we refer to the h Sl ... Sp as 
p-th order invariants. Moreover, given the h sl ... Sp we may recover the partial derivatives of 
/ at and therefore the hypersurface S (assuming S is real analytic). That is, a connected, 
analytic S is completely determined by h(e). 

The frame e(w ) over w Q is not unique in this respect. Given second frame e over w Q , it 
is always possible to find a local section of the form above through e. 

Proposition 3.11. Let S, S C PW be two connected, analytic CR-hyper surf aces. Then 
there exists a complex projective linear transformation A : PW — > PW such that A(S) = S 
if and only if there exist frames e G Fs and e G Fg such that h(e) = h(e). 

Remark. In Section §3.3 we will show that the h Sl ... Sp with some s« = 1 are redundant. 

Proof. Let A : PW — > PW be an invertible projective linear transformation, and let La ■ 
GL(W) -»• GL(W) denote the lift (left multiplication! to GL(W). If A maps S to S, then 
the lift La maps Fs to Fg. Given e G Fs, let e = A(e). Then (2.2) and Proposition 3.6 
yield h(e) = h(e). 

Conversely, suppose that h(e) = h{e) for some frames e G Fs and e G J^. Define 
A G GL(VF) by Ae = e. Then -A(S) and S agree to infinite order at e. It follows from the 
discussion preceding the lemma that A(S) = S. □ 



3.3. Redundancy of the index 1 in h. The alert reader will have noticed that (2.4) 
allows us to write (3.1) as 

= , 2 " +1 A^ + ••• + u^iAutf- 1 + K +1 -^)A^ 

Cartan's Lemma then yields a smaller set of second-order invariants {h s t | 2 < s,t < n}, 
defined by = h at ^Q and — = h nt ujQ, 2 < t < n. That is, the coefficients of 

M 2 ) with some index equal to 1 are redundant. 
This pattern continues. First define 

Then = -8%, and (2.4) and Corollary 5.5 yield 

, .0 TT- , .1 

W CT — <T T ' 

, ,ct Tcr , .A* TV 



(3.12) 



■ U), 



> 



n+1 
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To see that the third-order invariants h rst with some index equal to 1 are redundant differ- 
entiate = /in = h\ a and h\ n = 1 to obtain 

= hn s = hi nn , 
(3.13) h\ an = — J a h Tn , 

The general observation may be established by induction: Define 

l a cji • • • a p n h := l_-_lai • • 

a l's 

Assume that there exists r Q G Z such that every h la<T1 ... apn b G {h^ \ r < r a } with a > 
is a linear combination of the {h Ti ... Tpn b}. Above we saw that this is the case for r Q = 2, 3. 
Then a computation with Proposition 3.6 that makes use of (2.4) and (3.12) will show that 
every h l3(T1 ... crpn b G /i( r ° +1 ) with a > is a linear combination of the {h T1 ... Tp7l b}. Details are 
left to the reader. As a corollary to Lemma 3.11 we have the following. 

Corollary 3.14. The h Q = {h ai ... apn b} form a complete set of projective differential invari- 
ants for an analytic CR-hyper surf ace. That is, two hypersurfaces S and S are projectively 
equivalent if and only if there exists e G Fs and e G Fg such that h Q (e) = h (e). 

We close the section by pointing out that, while the h 13 , T1 ... TpH b with a > are redundant, 
they are very convenient for computations; the formulation of Proposition 3.6 would not be 
so tidy without them. Indeed we discern no analogous general expression for the differential 
invariants with respect to $7. 



4. Projective differential invariants w.r.t. Q 

4.1. Second-order invariants. By Remark 2.16 the {$1^,^,0™} span the semi-basic 
forms on Fs- The ^-version of Cartan's Lemma is as follows. 

Lemma 4.1 (Cartan's Lemma [2, 10] for O). Suppose there exist complex-valued 1-forms 
( a , (a and Cm on Fs such that Ca A S1q + Ca A fig + Cm A Qq 1 = 0. Then there exist functions 
z a/3, Z a 0, Zap, Z^p, Z a , Z a , Z : Fs ->• C such that 

Ca = Z a p J7q + Z a p 0,q + Z a , 

Ca = Za/3 + Z aj3 ^0 + ^ a ^(T > 
Cm = Z/3 + Za CIq + Z f£™ , 



and 



Z nn — Z Rn , Z a B — Zo a , Z^o — Zb^ . 



Recall that (2.15) holds on Fs- Differentiating with the Maurer-Cartan equation (2.7), 
we obtain 

(4.2) o = dW-iir) = (fig + jC-ng-JOAfiS' - n^Afig + n^Afig 1 . 
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Note that fig + fi™ - fig - fi™ takes values in iR. So Lemma 4.1 yields functions P a( g = 

P Pa , P a/ 3 = ~P/3a , Parn , ^mm = ~Pmm ■ -> C Such that 

(4.3a) fi™ = P aj8 nJ + P aj gAj + P am ^\ 

(4.3b) (fig + fi m ) — (fig + fi m ) = —Pam fi() "I" ^(Wi ^0 + Pram fi() ■ 

Making use of (2.4), (2.5), (2.9), (3.3) and (4.3) we see that 

Pa/3 = 5(^2a,2/3+l+^2a+l,2/3) + 2(^2a,2/3 — ^2Q+l,2/3+l), 
P a $~ = \ (^2o+l,2/3 - ^2o,2/3+l) + 2 (^2o,2/3 + ^2o+l,2/3+l) , 

Pam = ^-n,2o!+l + i ^n,2a i 

Pram = 2i h nn . 

In particular, the coefficients on the right-hand side of (4.3) are the second-order differen- 
tial invariants on P5. Indeed, the — ^P a ^ are the coefficients of the Levi form in a local 
coordinate frame. See Section 4.2. (In an abuse of language we will often refer to P a p as 
the coefficients of the Levi form.) The frame bundle F$ admits a sub-bundle Vs on which 
the P a m aud P m m vanish; see Lemma 5.1. 

Remark. Together the P a p and P a p may be identified with the derivative of a Gauss map 
(see Section 6.1). The are, respectively, the anti-hermitian and hermitian parts of the CR 
second fundamental form. 

4.2. Local coordinate computation. Here we convert the expressions of §3.2 to z and z 
derivatives. Recall d z = \{d x — id y ) and d s = \{d x + id y ), so that (3.10) and (4.4) yield 

fz a zf ) = \{fx a x< 3 ~fy a yf 3 ) ~ 4 {fx a yf 3 + fy a x' 3 ) = ~^Paf3 > 
(4-5) fz a zP = \{fx a x' 3 + fy a yP) + 4 (fx a yP ~ fy a xf) = ~ \ P a j3 • 

So we have the power series representation for y m = f at p, 

V m = h 2a ^X a X P + 2/12^,2/3+1^/ + /*2a+l,2/3+l J/V + A 
= 4(^-20,2/3 — ^2a+l,2/3+l — 2i/l 2 a,2/3+l) Z a Z^ 
( 4 - 6 ) + \{hla.,ip + /i2a+l,2/3+l + 1 (^2a,2/3+l ~ ^2a+l,2/3)) 

+ 4(^2a,2/3 — ^2a+l,2/9+l + 2i/l2a,2/3+l) + A 

= -iP aj8 ^^ - iP Q/ 9^^ + ^P a/ 3^ + A, 

where A denotes the terms of degree greater than two, as well as the quadratic terms 
involving x m . 

Definition. From (4.5) we see that — \P a p is the Levi form. 

Remark. Classically, strong pseudoconvexity is the condition that the Levi form be negative 
definite. If we replace eo with — eo, then the coefficients P a p change sign. So when working 
on the frame bundle F$ we will define S to be strongly pseudoconvex if the coefficients 
P a/ 3 : Ts — > C define a definite form. 

Definition 4.7. A strongly pseudoconvex hypersurface S is strongly C-linearly convex (SCLC) 
if no real line tangent to H Z S makes second order contact with S at w € z. 
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Let z = (zV.-.z™ -1 ) G C™- 1 . Define P(z,z) = P a pz a z p and L(z,z) = P Qj gZ Q z^. From 
(4.6) we see that the surface 5 is strongly C-linearly convex if and only if 



(4.8) + %P(z,z) + iL(z,z) + |P(z,z) = -ImP(z,z) + iL(z,z) 
for all ^ z € C m_1 . Equivalently, 

(4.9) |ImP(z, z)| < |L(z, z)| V / z G C m_1 . 
Equation (4.8) can be expressed as 

(4-10) ^ i ( z* * ) ( £ -P ) ( z ) ' 

for all / z G C m_1 , where P = (P Q) g) and L = {P a p)- In particular the matrix above 
must be invertible. Indeed, 



(4.11) ff, *.) -(& ") where «" £ " 

K J \L* -P J \ AF -Q J M = (PL~ l P - L)- 1 . 

Note that Q t = Q and M* = -M. 



4.3. Second order projectively invariant tensors on S. In this section we illustrate 
the frame bundle construction of the second fundamental form of S. 

Let J z : T Z FW ->• T 2 PVF denote the complex structure on FW. Given z E S, let 
Pz = Pz^ 1 n J Z (T Z S) denote the maximal complex subspace of T Z S. Analogously define 
H Z S = f z S n S{f z S) C W. Given z G FW, let z = L z £ W denote the corresponding 
(complex) line through the origin. Then 

H Z S = L* z ® (H Z S/L Z ) , 

and HS — > S defines a rank m — 1 complex vector bundle over 5. Similarly, define the 
normal (complex) line bundle NS — > S by 

A 2 S = T 2 PW/P 2 5 = L* ® (wy^S) . 

Given / = (/o, . . . , / n ) G ps, set z = [/o] G 5 and let (/°, . . . , / n ) denote the dual basis 
of W*. Then f a = /° ® (/ a mod L z ) defines a basis of P 2 S*, and f m = /° (/ m mod P 2 S*) 
spans A 2 S. Let (f \ . . . , f™" 1 ) denote the dual basis of H*S = (H Z S)*. Define 

P f = P a pf a fP®f m G (Sym 2 P*5) ® JV Z 5, and 
L, = P^rf^fm G P 2 *5 P 2 *5 A^S. 

We claim that P and L descend to well-defined sections of (Sym 2 P*) ® AS" and P*S" ® 
H*S <8> AS 1 , respectively, over 5. (The tensors P and L are respectively the anti-hermitian 
and hermitian parts of the second fundamental form of S.) To establish the claim it suffices 
to show that P and L are constant on fibres of Fs- This is seen as follows. 
First consider a change of frame (§2.1.2) of the form 

(4.12) jo = g° f , f a = gPfp, f m = g™ f m . 
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Such a change of frame is called a block fibre motion on Fs- Computing with (2.11) and 
(4.3a) we see that the change in P and L is given by 

W.13) ^ = %# and P aB = ^^ 



% 9m % 9 



rn 



The transformation in the coefficients P aj 3 and P a p precisely cancels transformation in f so 
that P/ = Pj and L/ = Lj. 

Next, consider a change of frame (§2.1.2) of the form 

(4.14) /o = /O, fa = fa + 9°af0, fm = fm + 5m /o + 9m fa- 

These changes of frame are shear fibre motions. The entire group of fibre motions on Fs 
is generated by block and shear transformations. Computing with (2.11) and (4.3a) we see 
that P and L are unchanged by shear fibre motions: 

(4.15) P aP = P a p and P a ~ p = P a p . 

As a consequence of (4.13) and (4.15) we see that Pj and Lj are constant under the fibre 
motions. Our claim follows. 

The tensors P and L are projectively invariant. To be precise, suppose that S is a second 
hypersurface that is projectively equivalent to S via A 6 Gh(W). Note that A naturally 
identifies (Sym 2 H*S) ®^N Z S with (Sym 2 H* Az S) ® N Az S, and H*S <g> H*S^ <g> iV z< S with 
/T^S (8) fl^S (g) Thus we may define the pull-backs A*P and ,4*L. From (2.8) 

we have P = P o A and Q = Q o A. Thus A*P = P and A*~L = L. Whence projective 
equivalence. 

Remark. G. Jensen [13] proved that a nondegenerate hypersurface S has P = if and only if 
S is projectively equivalent to a quadric hypersurface (Section 5.2). In related work Detraz 
and Trepreu [8] showed that the hyperquadric appears as one of two types of hypersurfaces 
in C n that are characterized by an elliptic system. 

Remark. In the case that S is strongly C-linearly convex the inverse matrix (4.11) exists. 
If Q = (Qcfi) and M = (Q a ^), then 

Q f = Q a PfJp®f m £ (Sym 2 H Z S) ®N*S, and 
M f = -Q a PfJp®f m £ H Z S (8) H Z S N*S. 

similarly define projectively invariant tensors Q and M on S. Here f m G N*S is dual to 
f m G iV^S". As we will see in (6.6), Q and M are pull-backs (under a 'lifted' Gauss map) of 
the second fundamental form of the dual-hypersurface. 



5. A REDUCTION OF THE BUNDLE Fg 

In this section we will show that the second order coefficients h an and h nn (equivalently, 
for P am and P mm ) may be normalized to zero. That is, Fs admits a sub-bundle Vs of 
adapted frames over S on which the coefficients vanish. 
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5.1. Normalizations. 

Lemma 5.1. Let S C FW be a CR-hypersurface. There exists a sub-bundle Vs C Ps on 
which the coefficients P am and P mm vanish. In particular the restriction of the Maurer- 
Cartan form Q, to Vs satisfies 

(5.2a) ti™ = n™ 

(5.2b) n% = p^ng + p a0 n%, 

(5.2c) n° + = ti° + 

with Pfsa = P a p and P a p = -P pSt . 

Proof. Since (2.15) holds on pg, equation (5.2a) is immediate. By (4.3) it remains to show- 
that P am and Pmm can be normalized to zero. Consider a change of frame (§2.1.2) of the 
form (4.14). Set h° m = g° a g m - g° m = (<rX- Then (2.11) yields 

f)0 — QO _ „0 Qct , lO nm O a - O a — n a Q m O m — O m 

Qm _ Qm , om Qm _ Qm , a Qm , Qm 

The coefficients P am transform as P am = P am + 9 a + p a/3 9m + P a p9m- By selecting g Q a 
appropriately we may may normalize to 

(5.3) P am = 0. 

Similarly, (4.3b) yields P mm = Pmm + (g a 9 m ~ 9 a 9 m ) ~ 2 (ffm ~ 9m)- So we ma Y use 9%, to 
normalize Im(P mm ) = 0. Since Pmm takes values in ilR, we have 

(5.4) Pmm = 0. 

Let Vs C Ps denote the sub-bundle on which (5.3) and (5.4) hold. □ 

Corollary 5.5. The second- order invariants h sn , 2 < s < n, vanish on Vs- In particular, 
the following relations hold on Vs-' 

n — , i n + 1 — , i n / , n + l — , i n , i n + 1 — h , i r , i n + 1 — / i 1 — t i n 
Proo/. The corollary follows from (2.4), (2.15), (3.4), (3.3), (4.4) and Lemma 5.1. □ 

Remark 5.6. The bundle Vs is of (real) dimension 2m? + 3 and is preserved by the shear 
fibre motions (4.14) satisfying 

(5.7) g° a + P a pg m + P a ~ p g m = 0, and 

4ilm(<&) = 2(<^-5 m ) = ( 9a 9m ~ 9°a9m ) = 2ilm (g° a g m ) 

= -P a p9 m 9 m + P a p9 m 9i ~ 2P a p 9m g m . 

Lemma 5.8. Let S C PW be a CR-hypersurface and A £ GL(W). T/ien L A (V S ) = Vg, 
where S = A(S) C PW. 

Proof. In Remark 2.12 we observed that La{Fs) = Pg- Thus La{Vs) C P<j. From left- 
invariance (2.8) of 17 we see that (5.2) holds on La(Vs)- Hence La(Vs) = Vg. □ 
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Proposition 5.9. Two CR-hypersurfaces S, S C FW are protectively equivalent if and only 
if there exists a smooth map <p : Vs — > Vg such that (f>*(fl\-p ) = £l\-p s - (Equivalently, 

4>*{^\v s ) =u\ Vs .) 

The proof of Proposition 5.9 is identical to that of Proposition 2.13. 

5.2. Example: the hyperquadric. The homogenous model of a strongly pseudoconvex 
hypersurface in CP" is the hyperquadric. Fix a frame e = (eo, . . . , e n +i) of V in T and let 
f = (fo, . . . , f m ) be the corresponding basis of W . Define linear coordinates z = z a f a on W. 
Let [z] = [z° : • • • : z m ] be the corresponding complex homogeneous coordinates on FW. 
Define 

q(z) = z l Qz = i{z°z m -z m z°) + S £ j z a z a . 

a 

Let SU(l,m) = SU(W, q) C GL(VF) be the subgroup stabilizing q. Then the Lie algebra 
su(l,m) is given by matrices X = (Xg) G gl(W) satisfying the following: 

— Aq + A m — A - A — A m - A m — A Q -1A — A m + lA Q , 
(^)eu(m-l), and Tr(A-)=0. 

Let 5 = {g = 0} C FW. Note that e G Jg. Define Q = SU(l,m) • e C F S - Then Q is 
a sub-bundle of the adapted frames over S, and is naturally identified with SU(l,m). The 
Maurer-Cartan form, when restricted to Q, takes values in su(l, m). In particular, 

n™ = -ifig 1 and fig + ft™ = 0. 

We see that Q cVs, and Pq,^ = and P a p = —\8 a p on Q. 

5.3. An cj-coframe on Vs- By Corollary 5.5 we have = h an = h nn on the sub-bundle 
Vs- Differentiating these expressions and applying (3.4), (3.5), (3.13) and (2.4) yields 
= h\ sn and 

(5.11a) oj\ + h aT uj T a = —h arn ujQ — h ann ojQ , 

(5.11b) w° + J v a h VT ixi T n = -J v a h vnT Lol - J^h unn ujQ, 

(5.11c) 2w° +1 ( = 4) -2uj\ = h nnT UjQ + h nnn UJq . 

Note that (5.11b) is a consequence of (3.12) and (5.11a). 
Lemma 5.12. The 

E U {V S ) ■= K, <4, ujI<$, 0J 2 2 a +\ uP n , 0J T n , <} 

/orm a coframing ofVs- The remaining components of uj are given by (2.4), Corollary 5.5, 
(5.11a) and (5.11c). 

The claim that E^Vs) is a coframing on follows by dimension count. See Remark 5.6. 

Corollary 5.13. Two CR-hypersurfaces S,S G PW^ are projectively equivalent if and only 
if there exists a smooth map 4> : Vs — > V^ such that 

(5.14) <FK(Ps) = E U (P S ), 
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and 

/crir x Kt = h aT o<p 7 h arn = h arn o(f>, 

(5.15) 

harm — h ann O (j) , h nnn — h nnn (j) . 

Equivalently, 4>*(uj\-p~) = oj\-p s . 

Proof. By the relations (2.15), (3.3), (5.11b) and (5.11c) the equations (5.14) and (5.15) 
hold if and only if (j)*(uj\-p„) = oj\-p s . The corollary then follows from Proposition 5.9. □ 

In order to establish the J7-versions of Lemma 5.12 and Corollary 5.13 (in Section 5.6) 
we must first compute two derivatives in Sections 5.4 and 5.5. 

5.4. Differentiate (5.2b). Differentiating (5.2b) with (2.7) produces 
where 

v aP = dP Q/3 + p a p(n° + nz) - Pypnz - p^sq, 
= dP a0 + P a e{n + sc) - p^nz - p^n}. 

Lemma 5.1 implies 

(5.16) P a p = Vpa and V a p = -Vp s ■ 

Cartan's Lemma 4.1 and (5.16) yield functions P Q( g 7 , P Q( g 7 , P a p m , P Q/ 3 7 , P Q/ 5 7 , P a p m , P amm ■ 
V s ->• C such that 

Pali = PaB-y + PaB^i + PaBm ^ 



a/3 — -'a/37 ' <*/37 ' a/3m 1 ^0 ) 
+ -fa/3" 7 + 



^a/3 — -fa/37 ^0 + -^a/37 ^0 + ^a/3m ^(T 



(5.17) + fi„ + P a p£l m — —PaBm^Q — PajBm^O ~ Pamm^Q , 

with 

PaBf PfBccy Pa-yB j PaB^ Pfiarf Paj/3 j *aj3 1 y ajfi ' 

PaBm Pfiam i ^ap^ P/3a^ i ^aftm ~P/3am ■ 

Note that (5.17) is the fi-version of (5.11b), and it is straight forward to check that 

Pa/3m = \ (^2a,2/3+l,n ~ ^2/3,2a+l,n) ~ | (^2a,2/3,n ~ ^2a+l,2/3+l,n) j 
-^a^m = | (^2a,2/3+l,n ~ ^2/3,2a+l) ~ § (^2a,2/3,n + ^2a+l,2/3+l,n) , 
Pamm = ^2a+l,nn ~l~ i ^2a,nn • 

5.5. Differentiate (5.2c). Differentiating (5.2c) produces 

= -P Q/3 ^-P Q ^)A^ + (0° +P Q/3 ^ + P Q ^)A^ 

+ 2(^-^)A^. 
Cartan's Lemma 4.1 yields P m 3 : Ps — >■ C such that 

(5.18) — 2(f2^ — = Pamm^Q ~ Pamm&0 ~ -^rn 3 ^(T wrt h P m 3 = — P m 3 . 
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This expression is the S7-version of (5.11c). It is straight-forward to check that 

P — — 2i h 

1 mmm — ""nun ■ 

Remark. The coefficient functions P a b c in this section and Section 5.4 are the third-order 
invariants of S with respect to S7. Unlike P a p and P a p they do not yield well-defined tensors 
on S. 

5.6. A f2 coframe on Vs- I n analogy with Lemma 5.12 we have the following. 
Lemma 5.19. The 1- forms 

Eq{Vs) ■= {^0 ) ^0 ) ^0 ' ^0 ) ^(T' ^/3> ) ^m' ^C> ^C> ^ml 

/orm a coframing of Vs (over ~R) and the remaining components of Q are given by (5.2), 
(5.17) and (5.18). 

The lemma follows by dimension count, see Remark 5.6. 

Remark. In the case that S is strongly C-linearly convex, the {fig, Q^} in the coframing 
may be replaced with the {O™, }. See Section 5.7. 

Corollary 5.20. Two CR-hypersurfaces S,S £ PW are projectively equivalent if and only 
if there exists a smooth map (ft : Vs 7*$ such that 

^E n (Vg) = E n (V s ) 

and 

Pa/3 = Pa/3°4>, P a p = P a p°4>, 
Pa/3m = Pa/3m 4> j P a j3m = ^a/3m ° $ > 
Pctmm — Pamm > Pmmm — Pmmm ° • 

Equivalently, (j>*(£l\-p ) = &\-p s - 

The proof is identical to that of Corollary 5.13, and is left to the reader. 

5.7. The case that S is SCLC. In the case that S is strongly C-linearly convex (Defi- 
nition 4.7) equations (5.2b), (5.17) and (5.18) have alternate formulations. Let Q = (Q a ^) 
and M = (Q a P) be given by (4.11). Then 



(5.21a) 






= Q al3 ttf - 


Q a/3 tif , 


(5.21b) 


+ Q«"ng - 






+ Q a P m tift - 


(5.21c) 




- <&) 




- Q amm ti™ - 



where 

f^afSm _ p.a~ f p p.efi , p.a~ f p _ f)fie _ y-xorj p /-)/3e , /-)07 p _ f)S0 

— J 7em ^5 J 7cm ^ 1 ■yem V t J 67m ^5 > 

s~)aj3m _ n«7 p _ f^a-y p _ /)efS , /n«7 p , n«7 p_ /O e ^ 

^5 — V J 7em J 7cm V ~ J 7em V V J 67m > 

Qamm /^)Q7 p _ /~)<*7 p 

^ ' 7mm ^ '7mm • 

As we will see in Section 6, the coefficients Q above may be identified with the P coefficients 
of the dual hypersurface. 
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6. Dual hypersurfaces 

In this section we define the Gauss map of a CR-hypersurface S C PW and characterize 
the self-dual strongly C-linearly convex (SCLC) hypersurfaces (Theorem 6.8). 

6.1. Gauss map. Let Fs be the adapted frame bundle over a SCLC hypersurface S. Given 
/ = (/ 0j ... ,/ m ) G F s , let z = [f ] G S, and let H Z S = f z S n J(f z S) be the maximal 
complex subspace of T Z S C W. Note that H Z S = span{/o, . . . , f m -i} (see §2.2). Let 
(/°, . . . , f m ) G W* be the basis dual to /. Note that f m vanishes when restricted to H. 
Since H depends only on z G S, this implies that, modulo rescaling, f m depends only on 
z G 5. In particular, the map — >■ PW* sending / i-> [/ m ] G PVF* descends to 5 where it 
defines the Gauss map 

7 : 5 -»• PVF* . 

Under the identification of PW* with the Grassmannian Gr(m, m + 1) of m-dimensional 
C-planes in W, 7 is the map sending z G 5 to i? z 5 G Gr(m, m + 1). 

Definition. The image 5* = 7(5) is the dua/ 0/ 5. 

Let C = (Co, • • • , Cm) £ GL(PF*) denote a basis of VF*. The Maurer-Cartan form A on 
GL(W*) is defined by dC a = A^Cfe- Define a map T : GL(W) -»• GL(W*) by r(/) = 
if m ,f a ,f°)- Note that T 2 = Id. From (2.6) we see that 

(6.1) df a = -n a b f b . 

Thus, 



A o 


A 


A \ 






J 'm 




Ag 


A a 


A Q 
21 m 












Am 

A /3 


A m j 




V ^ 




"8 



(6.2) r 

The following lemma is well-known; see [1, §2.5]. We give a proof as a warm-up to Theorem 
6.8. 

Lemma 6.3. If S C PW is a strongly C-linearly convex hypersurface, then S* C PW* is 
also a strongly C-linearly convex hypersurface and T(Vs) = Vs*- 

Proof. From (6.1) we have 

(6.4) df m = -wf-svpf-icr 1 . 

It is a consequence of strong C-linear convexity that {O™, Jl™, O™, Q™, £1™} are linearly 
independent over R on Fs, see (5.21a). Thus, T 7 / Z \S* = dj(TfFs) is of real dimension 
n + 1 = 2m + 1. In particular, S* is a hypersurface in PW*. 

From (6.1) we see that T maps Fs to Fs*. If we restrict T to Ps, then (6.2) and Lemma 
5.1 yield 

r*(Ag*) = PW), 

r*(A™) = -ng = -q q/3 o™ + Q a ^™ = Q a/3 r*(A(^) - Q a ^r*(A^), 
r*(Ao + A-) = r*(A° + A™). 



18 C. HAMMOND AND C. ROBLES 

The coefficients Q = {Q a/3 ) and M = (Q a ?) above are defined by (4.11). Since T : GL(W) -»• 
GL(W*) is a diffeomorphism, we have 

A^ = Ag», 

(6.5) A™ = Q<^a£ - Q^Ag, 

AO _i_ Am AO i Am 

iV -f- ii m — IVq T W m . 

This implies that I^Ps) = Ps*, and 

(6.6) Q Q/3 = r*(P*^) and - = r*(P^), 

where P* R and P* 5 are the coefficients of the second fundamental form on S*. 

To see that S* is strongly C-linearly convex it suffices, by (6.6) and (4.10), to show that 



(6.7) + i ( 



Q —M \ ( w 
M -Q )\ w 



for all / w g C™" 1 . Define / z G C™" 1 by 

Then the right-hand side of (6.7) is equal to 

i ( z* z* ) ( \ Zp)(l) = 2ImP(z,z) - 2iL(z,z). 

Since S* is SCLC this quantity is nonzero for all ^ z € C m_1 ; see (4.9). We conclude that 
(6.7) holds and S* is SCLC. □ 

6.2. Self-dual hypersurfaces. 

Definition. The SCLC hypersurface S is self-dual if there exists an (complex) linear iso- 
morphism A:W*^W such that A(S*) = S. 

Theorem 6.8. A strongly C-linearly convex CR- hypersurface S C FW is self-dual if and 
only if there exists a smooth map 4> : Vs — > Vs such that 

/ fi° fi° n° m \ ( fi£ n° m \ 
(6.9) </>* \ n% fi£ fi m = - fi™ fi£ fi° . 

V fig 1 / ^ ng » n g n o y 

In particular, the map <f> must satisfy 



(6.10a) 


Q a/3 


= Pa/3 ° </> , 


= 


P*P°<t>, 


(6.10b) 


ga/3m 


= Pa/3m ° ^ 


_ Q a0m 


= P a j3m 


(6.10c) 


Qomm 


— Pamm ° 


P 

j J mmm 


= Pmmm ° 



Proof. Suppose that S is self dual. Then there exists a linear isomorphism A : W* — > W such 
that A(S*) = S. Given ( = (Co, Ca, Cm) G GL(W*) define / = A(C) = (/o, /a, /m) G GL(W) 
by / a := A(Co). This defines an induced map C A : GL(VF*) -»• GL(W). We have 

(6.11) A(fi / ) = A C . 
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This, together with (6.2), implies that (p = £a ° T satisfies (6.9). 

Conversely suppose that there exists a smooth map : Ps — > Ps satisfying (6.9). Note 
that the right-hand side of (6.9) is a gl(VF)-valued 1-form satisfying the Maurer-Cartan 
equation. It now follows from Theorem 2.14 that <p = Ca ° T for some linear isomorphism 
A : W* ->■ W. 

It remains to establish (6.10). The first line (6.10a) is a consequence of (6.6). To establish 
(6.10b) consider the S* version of (5.17). We have 

-p*(p* a/3 i p* ~\P I p* A m "\ 
— 1 l r a(Sm A a/3rn "+" r amm A ) 



(5T7) 
(6.2)^(6.6) 
(5.21b) 



T*(A° +P* /3 a£ + P* 3 a£ 1 ) 
Thus 

(6.12) r*(P^J = Q°*", r*(P^J = and r*(P Q * mm ) = Q c 

This yields (6.10b). 

To establish (6.10c) consider the S* version of (5.18) 

-p* l p* \ nm p*fp* \ ntn y*(r>* \ O m 

L \ r amm) ilj a 1 \ r amm) 1>L a L l r mmmJ"0 

_p*^p* A« _ p* AO p* \ m ) 

l r «mm J '0 orara il r mmra 1 ^0 ) 

(5 i 8) 2P(A» -Al) (6 = 2) -2(0°, 

(5 = lc) Q am »fi™ - _ p m3 n% 



rn 



In particular, 

(6.13) rOO) = P, 



3 . 



This yields (6.10c). □ 
Remark. Note that (6.9) implies that (0 2 )*$7 = 17. Thus there exists A G GL(PT) such that 

Example 6.14. It is well-known that the hyperquadric (see Section 5.2) is self-dual. Following 
the notation of Section 5.2, by an argument analogous to the proof of Theorem 6.8, the 
self-duality of the hyperquadric is equivalent to the existence of a map (j) : Q — > Q such 
that (6.9) holds. Given / = g ■ f € Q, with g £ SU(l,m — 1), define / = g ■ f. Then 
<t>(fo, fa, fm) = (-/o,i/a,/m) defines a map Q ->• Q satisfying (6.9). 

6.3. The cj version. The equations (6.10) provide second and third-order conditions for a 
SCLC hypersurface to be self-dual. If we shift from the O perspective to the oj perspective 
we obtain p-th order conditions as follows. 

The equations (2.5), (4.4) and (5.21a) imply that we may solve (3.3) for loq; that is, there 
exist functions k st = k ts : Fs — > K such that uJq = k st uj r t l+1 . More generally, in analogy 
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with Proposition 3.6, there exist functions k Sl "' Spt : J-g — > M., p > 1, fully symmetric in their 
indices, and inductively defined by 

kS1 ...s p t ^n+l = _ dfc 5i...5 P + (p_ l)fc«-*p W n+J + w ° 

+ p |(p- 2) fc^ 1 - 8 '-^^! - fc*^ 1 -^- 1 ^} 

p-2 



(Our convention is that /c s = 0.) 

Let rj denote the Maurer-Cartan form on GL(V* , J). It is straight-forward to check that 
the w-version of (6.2) is 

where f is the permutation of {l,...,n} defined by z/(0) = n + 1, z/(l) = n, v(2a) = 
2a + 1 and z^ 2 = Id. In particular, if /i* denotes the differential invariants on S* given by 
Proposition 3.6, then 

r*(K v .. Sp ) = K v .. Sp or = k"M-"M : hi 1 '*. 

This equation generalizes (with respect to ui) the equations (6.6), (6.12) and (6.13). In 
particular, by working with respect to co we may strengthen Theorem 6.8 to the following. 

Theorem 6.15. A strongly C-linearly convex CR-hypersurface S C PW is self-dual if and 
only if there exists a smooth map 4> : Fs — > Fs such that 

A*. .3 _ , 

In particular, the map <fi must satisfy 

<P*(h Sl ... Sp ) = ki 1 "*'. 
By Proposition 3.11 we have the following. 

Theorem 6.16. A strongly C-linearly convex analytic CR-hypersurface S is self-dual if 
and only if there exist frames e, e 6 Fs such that h(e) = k u (e). 
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